STACKS OF TRIGONAL CURVES 



MICHELE BOLOGNESI AND ANGELO VISTOLI 



Abstract. In this paper we study the stack Tg of smooth triple covers of a 
conic; when <? > 5 this stack is embedded Mg as the locus of trigonal curves. 
We show that 7^ is a quotient \Ug/Vg\, where Tg is a certain algebraic group 
and Ug is an open subscheme of a Fg-equivariant vector bundle over an open 
subscheme of a representation of Tg. Using this, we compute the integral 
Picard group of Tg when g > 1. The main tools are a result of Miranda that 
describes a flat finite triple cover of a scheme S as given by a locally free sheaf 
E of rank two on S, with a section of Sym^ det i?^, and a new description 
of the stack of globally generated locally free sheaves of fixed rank and degree 
on a projective line as a quotient stack. 



1. Introduction 

In moduli theory, stacks have often been constructed as quotients by group 
actions. If an algebraic stack is a quotient stack [X/G], where G is an algebraic 
group acting on an algebraic variety X, the geometry of F is the geometry of 
the action of G on X, and one can apply to !F the powerful techniques that have 
been developed for studying invariants of group actions in algebraic topology and 
algebraic geometry. 

Even just knowing that such a presentation exists, even without an explicit 
description of the action, can be useful: but it is even better when the variety X 
and the group G are fairly simple, so that this description may be used directly to 
study This does not seem possible in many cases: for example, the stack M.g of 
smooth curves of genus g is of the form [X/G], but when g is large the space X is 
complicated, and to our knowledge no general result about AAg has been proved by 
exploiting this presentation. (Of course, in Teichmiiller theory one represents Adg 
as a quotient of an action of the Teichmiiller group, which is an infinite discrete 
group, acting on a ball in C'^^^'^, but this description is topological, and it is hard 
to use it directly to prove algebraic geometric results about Mg.) 

It has long been known that in characteristic different from 2 and 3, the stack 
M.i.1 of elliptic curves is a quotient [(X/Gm)], where X is the complement of the 
hypersurface Ax^ + 27y^ = in A^, and Gm acts with weights 4 and 6. This gives 
an easy proof of the fact, due to Mumford ([Mum65]), that the Picard group of 
Mi.i is cychc of order 12. In jVis98j . the second author gives a presentation of M.2 
as a quotient [X/GL2], where X is the scheme of smooth binary forms of degree 6 
in two variables (the action of GL2 on X is a twist of the customary one) . As an 
application he computes the Chow ring of 7^2- This was generalized in |AV04] 
to the stack T-Lg of hyperelliptic curves of genus which has a presentation as a 
quotient [Xg/GL2] (if g is even), or [Xg/(Gm x PGL2)] (if g is odd), where X is 
the space of smooth binary forms of degree 2g + 2 in two variables; this allows 
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to compute the Picard group of Hg. This description was apphed in [EF09j to 
compute the Chow ring of Hg when g is even. 

In this paper we consider the stack Tg of smooth trigonal curves over a fixed 
base field k of characteristic different from 2 and 3. Here by a trigonal curve over 
an algebraically closed field, we mean a smooth projective curve C with a 3:1 map 
C ^ P, where P is a curve isomorphic to (but the isomorphism is not part of the 
data). Consequently, we define Tg as follows. The objects of Tg over a fc-scheme S 
are of the form (C — s> P ^ S*), where P S* is a smooth conic bundle (i.e., a family 
of P^'s), C P a fiat triple cover, and the composite C — ?> 5 is a smooth family of 
curves of genus g. There is a forgetful morphism Tg Mg, sending (C — P — > 5) 
into the composite C — > S*; by Proposition 12.31 it is a locally closed embedding as 
soon as 5 > 5 (as might be expected, since uniqueness of the g^ holds precisely in 
genus at least 5). 

We give a description of 7^ as a quotient [Ug/Tg] , where Tg is a certain quotient of 
products of general linear groups and Xg is an open subscheme of a Fg-equi variant 
vector bundle over an open subscheme of a representation of Tg (see Theorem l5.3p . 
While the description above is considerably more complicated than that of Hg, we 
are able to exploit it to compute the Picard group of Tg when .g ^ 1, thus proving 
the following. 

Theorem 1.1. Assume g > 1- The Picard group of Tg is isomorphic to 



The calculation of the Picard group is only one of the possible applications of 
our explicit presentation, which we consider to be our main result. Another is the 
calculation of the rational Chow ring of 7^, which seems difficult, but feasible. We 
hope that this will be the subject of a subsequent paper. 

It would be very interesting to extend this description to the closure of Tg in 
M.g] unfortunately, this does not seem to be easy. Even the case of M2, treated in 
[Vis98) ■ presents problems: the obvious approach, using the Kirwan compactifica- 
tion, does not yield the stack M.2 (although it probably gives the correct moduli 
space). We remark that the rational Picard group of the closure was computed in 
[SFOOj . by completely different methods. 

Our approach has some similarities with that of |SB87| . 

The essential tools that we use are the following. 

• A result of Miranda that describes a fiat finite triple cover of a scheme as 
given by a locally free sheaf E of rank two, with a section of Syw?{E) ® 



• A description of the stack of globally generated locally free sheaves of fixed 
rank and degree on a projective line as a quotient stack (see Section [4]). 
The ideas of this paper should extend to give a description of the stack of d-gonal 
curves, when one has a description of covers of degree d, in terms of "generic" linear 
algebra data. For d = 4 this is provided in |CE96| and |HM99) . for d = 5 in [Cas96j . 
This will also be the subject of further work. 

Description of contents. Section [2] contains the definition of the stack Tg that 
we are interested in, together with the proofs of two of its properties. 
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In Section [3] we state the results of Miranda and Casnati-Ekedahl in the form in 
which we wiU use them. 

In Section 0] we give a description of the stack of globally generated locally free 
sheaves on a conic as a quotient stack. This might be of independent interest. 

In Section [5] we put together the results of Miranda and those in Section |4] to 
obtain a description of a stack of triple covers Tg that contains Tg as an open 
substack. 

Section[S]is dedicated to the most intricate technical problem that we encounter, 
that of describing and analyzing the locus of singular curves in Tg . 

We conclude by using techniques of equivariant intersection theory together with 
all the results of the previous Sections to compute the Picard group of Tg. Parts of 
the calculations have been made using the program Maple, by Maplesoft. 

Acknowledgments. We would like to thank the referees for very useful comments. 



2. Definitions and first results 

Throughout this paper we fix a base field k of characteristic different from 2 and 
3. Many of the things we do will work over more general rings, but for ease of 
exposition we disregard this fact. 

For any non- negative integer g, we let Tg be the category fibered in groupoids over 

Spec k, whose sections over a scheme S are of the form (C —^P^S), where P ^ S 
is a Brauer-Severi scheme of relative dimension 1, or, equivalently, a flat proper 
finitely presented morphism of schemes whose geometric fibers are isomorphic to 
(a conic bundle, for short), /: C — )■ P is a finite flat finitely presented morphism 
of constant degree 3, such that the fibers of the composite C ^ S have arithmetic 
genus g. Conceptually, we should assume that P and C are algebraic space; but the 
invertible sheaves Wpy^ and f*ujp^g are ample over S, hence P and C are projective 
over S. 

The fibered category Tg is too large to be very useful; we are mostly interested 

in the full fibered subcategory Tg of objects (C — > P — S*) where the composition 
(C — >■ P — >■ 5) is supposed to be smooth. It is immediate to check that the 
embedding Tg ^Tg is represented by open embeddings of schemes. 

If (C ^ P ^ 5) is in Tg{S), the sheaf f^Oc is a locally free sheaf of rank 3 on 
P; the trace map tr: f*Oc — >■ Op yields a splitting of the embedding Op ^ f*Oc, 
because 3 is invertible in 0{S); hence we can write f*Oc — Op © F, where F ^ 
f*Oc is the subsheaf of elements of trace 0, which is locally free of rank 2. As in 

}Mir85] ■ we call F the Tschirnhausen module of (C P ^ S). We will mostly 
deal with its dual E = P^ , the dual Tschirnhausen module. 

If s: Specfi ^ 5 is a geometric point, the geometric fiber Pg of P over s is 
isomorphic to Pj^; hence the puUback of E to Pg will split as a direct sum of line 
bundles, which we denote by Opi (m) © Opi (n), with m < n. We call the pair of 

integers {m,n) the splitting type of (C — > P — )■ 5") at the geometric point s. Since 
the splitting type only depends on the image of s : Spec ^ S, we can also talk of 

the splitting type of (C — > P — > 5) at a point of S. 
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Remark 2.1. The in the case of smooth, or more generally Gorenstem, curves, 
the data of the splitting type is equivalent to the data of the genus and the Maroni 
invariant, which equals m — 2 [Mar46[ rRS02] . 

Proposition 2.2. Let (C — > P — > 5*) G 7g{S), s: Spec £7 S he a geometric point 
and {m,n) its splitting type at s. Then 

(a) m + n ~ g 2, and 

(b) if the geometric fiber Cs is integral, then 

. 3 + 2 
m,n> — 

Proof. For both statements we may base change to Spec and assume that f : C ^ 
is a finite fiat map of constant degree 3 defined over an algebraically closed field. 
The equality in (jaj) is immediate, by computing the Euler characteristic of /^Oc 

over P-'-. 

For the proof of (|b|, notice that because of part (jaj), the inequalities to be proved 
are equivalent to 2m > n and 2n > m; and for these see |Mir85j p. 1126]. ^ 

Call M-g the stack of smooth curves of genus g over Speck. There is an obvious 
base-preserving functor Tg — Aig that sends {C P S) into C ^ S. 

Proposition 2.3. Ifg > 5, then the functor 7g — > Aig is a locally closed embedding. 

This fails for g < 4, because for these values of g there are smooth curves with 
more than one gl , so the functor is not injective on isomorphism classes of geometric 
points. 

Proof. Consider the open substack M° of Aig consisting of non-hyperelliptic curves. 
Since a curve of genus at least 3 can not be both trigonal and hyperelliptic, the 
morphism Tg ^ Aig factors through A4^; we will prove that 7^ — is a closed 
embedding. For this it is enough to show that it is representable, proper, injective 
on geometric points and unramified. 

To check that it is representable it is enough to check that, if il is an algebraically 
closed field and (C F — Specfi) is a object of Tg, the induced homomorphism 
from the automorphism group scheme of (C ^ P Spec fl) to the automorphism 
group scheme of (C Spec fl) is injective. This follows immediately from the fact 
that the morphism C — > P is surjective. 

The fact that this morphism is injective on geometric points is equivalent to the 
uniqueness of the gl for a smooth curve of genus at least 5. This is well known: if 
there are two morphisms C — >■ P^ of degree 3 which are different modulo the action 
of PGL2, the image C" of the induced morphism C ^> P^ x P^ is birational to C and 
bidegree (3, 3); hence the arithmetic genus of C is 4 and C is the normalization of 
C", which implies 5 < 4. 

Let us show that Tg ^ A4g is unramified. This is equivalent to proving the 
following. If (C ^ P ^ Spec A) and (C ^ P' ^ Spec A) are two objects of 
7^ (Spec A), where A is an artinian ring with algebraically closed residue field, such 
that the two composites C — > Spec A coincide, then there exists an isomorphism 
{C ^ P ^ Spec A) ~ (C ^ P' ^ Spec A) in 7^ (Spec ^) inducing the identity on 
C. 

Call il the residue field of A. Since P ^ P' V\, the statement is equivalent 
to the following: given any two morphism C — > ¥\ of A-schemes which are finite 
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of degree 3, these differ by an element of PGL2(A). We know that the statement 
holds for A = il, because of the previous point: hence we may assume that the 
restriction of the two morphisms C — Spec A to Spec coincide. By standard 
deformation theory, this can be rephrased as follows. 

Let / : C — > be a finite morphism of degree 3, where C is a smooth curve of 
genus g over an algebraically closed field. Consider the tangent complex 

Tc->pi = • • • — > — > Tc — > /*Tpi — > — > • • • , 

where /*Tpi is placed in degree 0. The tangent space to the deformation functor 
of the map C — >■ is the 0*'' hypercohomology group IHI°(C, Tp-s-pi )• There is an 
exact sequence 

where the last group map represents the natural homomorphism from the tangent 
space to the deformation functor of the map C — P^ to the tangent space of the 
deformation functor of C. The tangent space to PGL2 is H°(P^,Tpi); hence it is 
enough to show that the natural homomorphism H"(P^,Tpi) — > H"(C, /*Tpi) is 
surjective. 

This is equivalent to saying that the homomorphism 

H°(P\Tpi) ^H"(P\/,rTpi) -H"(P\/,Oc®Opi(2)) 

induced by the embedding Opi{2) = Opi 0^1(2) C /^Oc ® Opi{2) is surjective. 
Because of the splitting f^Oc = Opi©F, this is equivalent to saying that H°(P^, 
Opi (2)) = 0. If we denote by (m, n) the splitting type of C — > P^, this is equivalent 
to 771 > 3. This last inequality follows from Proposition 12.21 (|b)). 

Finally we need to check that Tg TWg is proper. It is representable, injective 
on geometric points and unramified: hence it is categorically injective, and so it is 
separated. It follows from the description in Section [5] that Tg is of finite type over 
Spec k, hence it is enough to check that the valuative criterion is satisfied. This 
means the following. Let i? be a discrete valuation ring with fraction field K, and 
let C — > Speci? be an object of A^g(Speci?). Suppose that we are given an object 
[Ck Pk Spec A') of 7^(Speci^), where Ck is the restriction of C to SpecX; 
then, after passing to a ramified extension of R, denoted by a standard abuse of 
notation also by R, there is an object [C ^ P ^ Speci?) of 7^(Speci?) whose 
restriction to Spec i^T is isomorphic to [Ck Pk Specii'). 

After passing to such an extension, we may assume that Pk is isomorphic to 
P]f . The morphism Ck is defined by a line bundle Lk on Ck of degree 3, 

with dimx Il"(Ci<-, ix) > 2. Extend the line bundle Lk to a line bundle L on C 
(this is possible, because C is regular). If we denote by k the residue field of i?, and 
by Ck the closed fiber of C — J- Speci?, we have dim^ Il'^(Cfc, L^) > 2. Since Ck is 
not hyperelliptic, we have dim^ H''(Cfc, ifc) = 2, and that Lk is generated by global 
sections. By Grauert's semicontinuity theorem it follows that H''(C, L) is a free R- 
module of rank 3 and L is generated by global section. Hence L defines a morphism 
C — > P)j extending Ck , which is the required object of Tg (Spec R) . 4 

3. Triple covers via linear algebra 



Here we recall some results on triple covers due to Miranda ( |Mir85| ) and Cas- 
nati-Ekedahl ([CE96]); see also [FSOT] . 
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Let 5 be a scheme (or an algebraic space) over Spec A:; denote by Trip(5) the 
category whose objects are flat finite finitely presented maps / : X — > S* of constant 
degree 3, which we call simply triple covers, with the arrows given by isomorphisms 
over S. A triple cover is Gorenstein when its geometric fibers are Gorenstein; if S 
itself is a locally noetherian Gorenstein scheme, then / is Gorenstein if and only if 
X is Gorenstein. 

Let us introduce another category Trip' (5*), with a very different description: its 
objects are pairs {E, a), where £^ is a locally free sheaf of Og-modules of constant 
rank 2, while a £ H°(S', Sym'^ E ^ det i?^) is a section. An arrow in Trip'(5) from 
{E, a) to {E', a') is an isomorphism (p: E ^ E' oi Og-modules, such that 

Sym'* (j) ® det cp'^ : Sym'^ E ® det E"^ — > Sym^ E' (g) det E'"" 

carries a into a'. 

We define a fimctor Trip(S') Trip'(S') as follows. Given a triple cover f : X ^ 
S, let F C f^Ox the subshcaf consisting of elements of trace 0; since 3 is invertible 
in 0{S), the trace map f*Ox — > Cs gives a splitting /^Ojc = Os © F. Consider 
the composition 

Sym^ F C Sym^ f,Ox UOx F, 
where the first inclusion is induced by the embedding F C fi,Ox, the second is 
given by the structure of commutative sheaf of algebras on f*Ox, and the third is 
the projection. By duality, because of the canonical isomorphism F ~ F^ det F, 
we obtain a homomorphism 

Sym^ F(g)F — >dctF, 

which is easily seen to factor through the canonical projection Sym^ F (g) F — >■ 
Sym^F, yielding a homomorphism a: Sym^ F detF. Set E = F^ . Using the 
customary identifications 

(Sym''' Fy ~ Sym^ E and det F ~ (det F)^ 

(the former depending on the hypothesis that 1/6 G 0{S)), we can think of ct as a 
section of Sym^ E (g) det F^. This defines a functor Trip(S') Trip'(S') that sends 
/: X 5 into {E,a). 

Theorem 3.1 (Miranda, Casnati-Ekedahl). 

(a) The functor Trip(S') — > Trip'(S') defined above is an equivalence. 

(b) A triple covering is Gorenstein if and only if the corresponding section a G 
i?°(S', Sym^ E (g) det F^) is nowhere vanishing. 

(c) Assume that f: X ^ S is Gorenstein. Consider the projection 

tt: F{E) S 

and the canonical isomorphism Sym^ F ~ 7r*C'p(£;)(3). We can think of a as a 
nowhere vanishing section o/ C'p(£;v)(3) (g)7r*detF. Its zero locus Y C F{E) is 
a triple cover of S, and is canonically isomorphic to f: X ^ S. 

4. The stack of globally generated locally free sheaves 

on a conic 

In this section we will study two algebraic stacks over Spec k. 
Definition 4.1. Fix two non- negative integers r and d. 
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(a) The objects of the category Vr,d are pairs {S, E), where 5' is a fc-scheme and E 
is a locally free sheaf of constant rank r on P^, whose restriction to any fiber 
of — > 5 is globally generated and of constant degree d. 

An arrow (/, from (S", E') consists of a morphism of fc-schemes / : S" — ^ 5, 
and an isomorphism of Op^^ -modules (f): E' (idpi x f)*E. The composition 
is defined in the obvious fashion. 

(b) The objects of the category Vr,d are pairs {P — > S,E), where 5 is a fc-scheme, 
P ^ S is a, conic bundle, is a locally free sheaf of constant rank r on P, 
whose restriction to any fiber of P — >■ 5 is globally generated and of constant 
degree d. 

An arrow (/, F, 4>) from (P' S', E') to (P ->■ S, E) consists of a cartesian 
diagram of morphism of fc-schemes 




where the columns are the obvious projections, and an isomorphism of Opi- 
modules cj): E' c:^ F*E. The composition is defined in the obvious fashion. 

There are evident forgetful functors from Vr.d and from Vr,d to the category of 
schemes, which make them into categories fibered in groupoids over Specfc. 

There; is also a morphism of fibered categories Vr,d Vr,d which sends {S, E) 
into (S*, Pc;, -E), and an arrow (/, (f) into (/, idpi x /, <j)). This is easily seen to make 
Vr,d into a PGL2-torsor over Vr,d- 

Let us denote by 'M.r,d the affine space over k oi{r + d)xd matrices [hj), where 
each (.ij is a form of degree 1 in two indctcrminates. We think of it as a scheme; in 
other words, Mr,g represents the functor from A;-schemes to sets, whose values on a 
fc-scheme S is the set of matrices {r + d) x d matrices {tij), where each {(.ij) is an 
clement of H°(P^, C(l)). We identify such a matrix (fy) with the associated sheaf 
homomorphism 

We denote by ^r,d the open subscheme of M^^d parametrizing matrices with 
the property that the matrix (^ij(p)) has rank d for all points p G (A^ \ {0})S) 
in other words, we assume, equivalently, that the morphism above is universally 
injective, or that is it injective and locally split, or that its dual is surjective. The 
cokernel of the universal homomorphism 

is a locally free sheaf of rank r on Slr,d, which we denote by i?r-,d- 
Proposition 4.2. The codimension of Mr.d \ ^r,d into Mr^d is at least r. 
Remark 4.3. In fact, one can show that M^^d \ ilr,d has pure codimension r. 

Proof. Let Vr^d Q d ^® degeneracy locus of the universal homomorphism 
Opi {—'i-Y ~^ O^t"^ , where this fails to have rank d. Its codimension is well- 
know to be at most {r + d—d+l){d—d+l) = r-|-l; we need to show that it is in fact 
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equal to r + 1, and then the thesis will follow from the fact that Mr,d \ ^lr,d is the 
image of Vr,d along the projection Pj^^ ^ — > Mr,d, which has relative dimension 1. 

To do this, we can pull back to (A^ \ {0}) x Mr.d', call Vr^d the inverse image of 
Vr,d in (A^ \ {0}) X Mr,d. There is a natural morphism (A^ \ {0}) x Mr,d -> A(''+'')'' 
into the afl&ne space a(''+'^^'' of (r + d) x c? matrices, obtained by sending a point 
{p, i^ij)) of (A^ \ {0}) x Mr,d into its evaluation {iij{p}); this map is easily seen 
to be surjective, with fibers of constant dimension. Hence it is flat; but Vr.d is the 
inverse image of the locus in A'-''"'"'')'' of matrices with non-maximal rank, which is 
well known to have codimension r + 1. ^ 

Let us denote by GL„ the group scheme GL„^fe. There are three group schemes 
acting naturally on M^.d, leaving flr^d invariant. 

The groups GL^+d and GL^ act on Mr,d, the first by multiplication on the right 
and the second by multiplication on the left. There is also a left action of GL2 
on H°(P'^,0(1)) ~ fc^, which coincides with the tautological action. These three 
actions commute, hence induce an action of GL^+d x GL^ x GL2 on M^^d and on 
^r,d, by the formula 

(4.1) {A,B,C)-L = ACLB-^, L e M^^. 

There is an embedding Gm Q GL^+d x GLd x GL2 by the formula 

1 1 — )■ (Ir+d,ild)i~^l2); 

we denote by T the image of this embedding; it is a central group subscheme of 
GLr+d X GLd X GL2. It is immediate to see that T acts trivially on M^.d, hence on 
f2r,d; so the action of GL^+d x GLd x GL2 induces an action of the quotient 

r^,d = (GL,+d X GLd X GL2)/T 

on Mr.d and on Vt^^d- The action of GL^+d x GLd on M^^d is the restriction of the 
action of T^^d- 

Notice that there is a natural exact sequence of group schemes 

1 Ghr+d x GLd Tr,d PGL2 1, 

where the homomorphism F^^d — ^ PGL2 is induced by the third projection of 
GLr+d X GLd X GL2 onto GL2. 

Here is the main result of this section. 

Theorem 4.4. There are isomorphisms of fibered categories over Specfc 

Vr,d — [^r,d/^r,d\ 

and 

Vr,d — [^^r,d/GLr+d X GLd]. 

Under this isomorphisms, the natural morphism Vr,d Vr,d corresponds to the 
morphism [fi^.d/GL^+d x GLd] — >• [Clr,d/^r,d] induced by the embedding o/GL^+d x 
GLd into Tr,d- 

Corollary 4.5. The fihered categories V^.d and Vr.d are smooth geometrically in- 
tegral algebraic stacks of finite type over Spec k of dimensions —r^ — 3 and — 
respectively. 

This is not hard to show directly. 
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Remark 4.6. One can give a similar description of the stack of globally generated 
coherent sheaves on and on a conic; we simply need to substitute ftr,d with the 
larger open subset of M,.^rf of matrices (iij) which have rank d at the generic point 
ofpi. 

Remark 4.7. When r = 1 it is easy to see that the Vi^d are all isomorphic to the 
classifying stack BkGrm, while the Vi^d are isomorphic to BkiG^n x PGL2) when d 
is even and to SfcGL2 when d is odd; so in this case the presentations above are 
far from optimal. It is not clear to us if in the higher rank case the presentations 
above can be improved. 



Proof of Theorem \4.4\ We will only prove the result for Vr,d', the part concerning 

Vr.d is similar but simpler, and is left to the reader. 

We begin by giving an alternate description of Vr.d- Define the fibered category 
d over Spec k, whose objects are of the type (P — S,Fo,Fi,(j)), where 

(a) P S* is a conic bundle; 

(b) Fq is a locally free sheaf of rank r + d on P that is trivial on the geometric 
fibers of P ^ S"; 

(c) Pi is a locally free sheaf of rank d on P that is isomorphic to 0{—l)'^ on the 
geometric fibers of P — >■ 5*; 

(d) (j): Pi — ?> Pq is a locally split injection of sheaves of Op-modules. 



The arrows in ^ are defined in tlie obvious way: an arrow from (^P' 
S',F^,F{,(l)') to (P ^ 5,Po,Pi,0) is a quadruple (/, /i, 6I0, 6*1), where /: S" ^ 
and h: P' ^ P are morphisms such that the diagram 



S 




is cartesian, and 9o: Fq h*Fo and 
modules such that the diagram 



h- Fl — !■ h*Fi are isomorphisms of Opi 



FL- 



commutes. 
Let (P 



->/i*Pi 

h'cl> 



-^h*F 







S,E) be an object of Vr.d- If s: Specfi — > 5 is a geometric point, 
Ps ~ Pf2 is the geometric fiber, and Eg is the restriction of E to Ps, we have 
dimn H°(Ps, P^) — r + d and II^(Ps, Eg) = 0. Hence, by the standard base change 
theorems, the sheaf 7r*P is a locally free sheaf of rank r + d on S, and its formation 
commutes with base change on S. The adjunction homomorphism Po 7r*7r*P — > 
E is surjective; call Pi its kernel, 0: Pi — >■ Pq the embedding. Then Pi is a locally 
free sheaf of rank d on P. If s : Spec SI — >■ S' is a geometric point, we have an exact 
sequence of locally free sheaves on Pg 



ii 
■ a 







P. 



0; 
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since the map H°(Ps, (^b)s) — > H°(Ps,_Es) is an isomorphism and H^(Ps, (Po)s) = 

0, we have 

H°(P„(Fi),) -Hi(P,,(Pi),) =0; 

and this can only happen when (Pi)s — 0{—l)'^. Hence {P, Fq, Fi,<j>) is an object 
of t;(»S')- This construction naturahy extends to a base-preserving functor Vr,d — > 
^ of categories fibered over Spec k. 

We claim that this is an equivalence: the inverse functor Vr.d is obtained 

by sending an object (P — > S,Fo,Fi, 0) of ^ into the object (P — > 5, coker of 
Vr,d- We leave the easy details to the reader. 

Now we define another category fibered in groupoids over Spec k, which we call 
yVr,d- Its objects are triples (P — > S, Fo,Fi), where 

(a) P ^> S* is a conic bundle over a /c-scheme S; 

(b) Fq is a locally free sheaf of rank r + d on P that is trivial on the geometric 
fibers of P ^ 5'; 

(c) Pi is a locally free sheaf of rank d on P that is isomorphic to 0{—l)'^ on the 
geometric fibers of P — ?> S*. 

These looks very much like ^, except that the homomorphism is missing. The 
arrows are defined as quadruples (/, h, 9o,0i) as for ^, omitting the condition of 
the commutativity of the diagram involving the ^'s. 

Let us show that Wr-.d is a stack in the etale topology over Specfc. This follows 
from standard arguments. We leave it to the reader to check that it is a prestack, 

1. e., that arrows between puUbacks of two given objects form an etale sheaf. To 
check that descent data are effective, the only critical point is the effectiveness of 
descent data for conic bundles, since a in a conic bundle P — > S* the space P is 
supposed to be a scheme, and not simply an algebraic space: and this follows from 
descent for schemes with an ample invertible sheaf ( jFGI"'"05[ Example 4.39]). 

Furthermore, any two objects of Wr.d over the same scheme S are locally iso- 
morphic in the etale topology, and Wr,d has a global object (F^ , Opf^ , Opi {—lY) 
defined over Specfc; hence it is isomorphic to the stack of torsors of the sheaf in 
groups Autj, (P^ , Opf^, Opi (—1)'*) in the big etale site of Spec fc. This sheaf sends 
each scheme S into the group of automorphisms of (f'g,Opt'^,Opi^{~lY) , whose 

objects are triples of the form (</>, f,g), where </) is an automorphism of Pg (i.e., an 
element of PGL2(S')), / is an isomorphism of O^t"^ with 0*0;^'' = O^t'^ (i.e., an 

element of GLr+d{0{S))), and g is an isomorphism of Opi (— 1)'* with (p*Ofi^{—l)'^. 
The composition is defined in the obvious way. There is a canonical homomorphism 
Aut,^(pi.0^+'^.C)pi(-l)'') ^ Aut,iPi) = PGL2, whose kernel is canonically iso- 
morphic to GLr+d X GLci; the two factors act on Opf^ and Opi (—1)'* in the obvious 
way. 

We claim that Aut^ (P\ 0^;^"', Om (-lY) is represented by Tr^d- In fact, the 
action of GL2 = Aut ^ (P-^. Opi (— 1)) on (P^, Opi (— 1)) induces an action of GL2 on 
(F^ , Opf^ , Opi (—1)'^) , which commutes with the action of the subgroup GL^+d x 
GLd of Aut,JP\O;f^0pi(-l)'^V This yields an action of GL^+d x GL^ x GL2; 
it is easy to see that the subgroup T ~ Gm acts trivially. From this we ob- 
tain an action of T^^d on (F^jOpf^, Opi (—1)'') , hence a homomorphism 7 : T^^d 
Autfe(P^, Opi (—1)). Wc have a commutative diagram of non-abelian group schemes 
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with exact rows 

1 > GLr+d X GL<j > Tr^d > PGL2 > 1 

7 

1 > GLr+d X GLd > Aut;,(pi,e)pi(-1)) >PGL2 > 1 

which shows that 7 is an isomorphism. There is a tautological conic bundle Vr^d 
Wr.d; this is the quotient tt: [P^/r^^^] BkTr,d — yVr,d- 

There are two tautological vector bundles J-q and J-i on Vr,d of ranks r + d 
and d, whose pullbacks along a morphism S — > Wr.d corresponding to an object 
(P — >■ S,Fo,Fi) of yVr,d{S) are Pq and Pi respectively. They correspond to the 
rr,d-equivariant vector bundles Opf^ and C'pi(— 1)'* on P^. By the standard base- 
change results, the formation of tt^ Hom ^n,^ (Pi,Po) commutes with base change, 
so there is a vector bundle H on BkTr,d such that, given an object (P — > S, Pq, Pi) 
of Wr,d{S) corresponding to a morphism S Wr,d, the sections of the pullback of 
TL to S correspond to homomorphisms Pi — ?> Pq. It is easy to see that the total 
space of the vector bundle T-L is the quotient of Hompi (Opi (—1)'^, O^f^) = ^r.d by 
the actions given by the formula (I4.ip . 

There is a morphism of fibered categories V^^ ^ Wr.d — BkTr.d which sends 
(P S*, Po, Pi, (/)) into (P — ^ 5, Po,Pi). This clearly factors through the total 
space of and it is immediate to see that it gives an isomorphism of d with 
the open substack of the total space corresponding to the open subscheme flr.d of 
Mr^d- This ends the proof of the theorem. ^ 

5. Vector bundles and trigonal curves 

Now we connect stacks of trigonal curves with stacks of vector bundles on a 

conic. The stack Tg is too large: we consider the open substack Tg QTg consisting 
f 

of objects (C ^ P — i' iS*), whose splitting type {m,n) at any point of S satisfies 
m,n > Equivalently, we require that if E is the dual Tschirnhausen module 

of (C A P ^ 5), the sheaf Sym^ E ® det E"" is globally generated on any fiber of 
C — > 5. By the inequality of Proposition l2.2l (|b| we see that Tg is an open substack 

Oifg. 

Fix a splitting type (m, n) with n > m > and m + n = g + 2. There is a locally 
closed substack Am,n of V2,g+2, the full fibered subcategory whose objects are the 
object of V2.g+2 which are etale-locally isomorphic to (P;g., 0{m) © 0{n)). 

Lemma 5.1. The locally closed substack Am, n ofV2.g+2 is smooth and irreducible. 
If m < n, its codimension is n — m — 1; if m = n, then it is an open substack. 

Proof. Set G = Autj.(P^, ©(m) © 0{n)). By descent theory, Am,n is isomorphic 
to the classifying stack BkG. The obvious projection G PGL2 is surjective, and 
its kernel is isomorphic to the sheaf of automorphisms of 0{m) ® 0{n) as a sheaf 
on P^. If m = n, this kernel is isomorphic to GL2, hence the dimension of G is 7, 
and the dimension of Am,n is —7, which equals the dimension of V2,g+2 (as it must 
be, because A m,n is open in 1^2,(^+2). W^hen m the subsheaf Oi^n^ is preserved 
under any automorphism of 0{m) (B 0{n). From this it easy to deduce that G is 
a semi-direct product (Gm x Gm) x Homo,! {0{m),0{n)); hence its dimension is 
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n — m + 3. So the dimension of G is ri — m + 6, the dimension oi Am,n is —{n — m + 6), 
and, sinee the dimension of V2,g+2 is —7, its codimension is n—m—1, as claimed. 4^ 

We will denote by Vg the open substack of V2,g+2 whose objects are pairs {P 
S,E), where P — >■ S' is a conic bundle and E is a globally generated locally free 
sheaf of rank 2, degree g + 2, such that if {m,n) is the splitting type of E over a 
geometric fiber of P — >■ 5, then m,n > 

From Lemma rs. II we deduce the following fact. 

Proposition 5.2. Assume g > 0- Then the codimension ofV2,g+2 \ in V2,g+2 
at least 2 everywhere. 

We will shorten T2,g+2 by Tg. Let fig C ^2,g+2 be the inverse image of Vg C 
V2,g+2 along the Fg-torsor ^^2,9+2 V2,g+2- Assume that <? > 0; then, by Propo- 
sitions 14.21 and 15. 2[ fig is an open subscheme of the affine space M2.g+2 whose 
complement has codimension at least 2. There is a universal conic bundle tt: — >■ 
Vg, such that if (P S,E) is an object of Vg, then P 5 is the projection 
Vg S. There is also a tautological locally free sheaf £g on Vg of rank 2. 

Since Sym"^ £g (g) detfg^ is globally generated along the fibers of Vg — > Vg, the 
sheaf 7r*(Sym^ Eg (x) det Sg"^) on Vg is locally free of rank 2g + 4; furthermore, the 
formation of 7r*(Sym'^ £g (g) det fg^) commutes with base change. 

There is a natural projection Tg ^ Vg. By Theorem l3.1l f[cij). if 5 is a scheme over 
Spec k, the category Tg{S) is equivalent to the category of triples {tt : P S, E, a), 
where (tt: P ^ S,E) is an object of Vg{S) and a is a section of Sym^ E ^ det E^ . 
This means that Tg is the total space of the vector bundle on Vg associated with 
7r*(Sym^ £g ig) det Sg'^). 

This description gives a presentation of 7^ as a quotient stack, starting from the 
isomorphism Vg ~ [fJg/Fg]. By definition, Fg is a quotient of GLg+4 x GLg+2 x GL2 
which acts on via the projection onto GL2; this descends to an action of Fg on 
P^. This yields a natural action of Fg on P^ x f2g; the quotient [P^ x Qg/Tg] is Vg. 

The tautological locally free sheaf Eg is defined as the cokernel of the homomor- 
phism 

Oh (-1)9+2 (M, olt\ 

where [tij) S M2,g+2(f^g) is the tautological matrix of forms of degree 1. The 
sheaf Eg is Fg-equivariant, and corresponds to the sheaf £g on Vg. The sheaf 
7r*(Sym"^ Eg ® det Pg^) on Vlg is locally free and its formation commutes with base 
change. Denote by Xg fig the total space of the vector bundle on fig corre- 
sponding to 7r*(Sym'^ Pg® det Eg"^), that is, the relative spectrum of the symmetric 
algebra of (7r*(Sym^Pg ® detPg^))^. Note that Fg acts naturally on Xg. Then 
our first main Theorem is a consequence of what we have just observed. 

Theorem 5.3. We have an equivalence of fibered categories Tg = [Xg/Tg]. 

This allows us to compute the Picard group of Tg for g > 0. This is the equi vari- 
ant Picard group of the action of Fg on Xg , which, by the homotopy invariance of 
the Chow groups, coincides with the equivariant Picard group of Fg on Qg. Since 
rig is an invariant open subscheme of a representation of Fg whose complement has 
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codimension larger than 1, this is the character group of Tg, which is isomorphic 
to Z X Z. 

But we are interested in the Picard group of the open subscheme Tg- We wih see 
in the next section that the complement 7^ \ 7^ is an irreducible hypersurface. The 
proof of Theorem II. II will be then concluded by computing its class in the character 
group of Tg. 

6. Detecting singular points in triple covers 

6.1. The stack of triple covers as a quotient stack. Let us introduce some 
more notation. If J7 is a finite free fc-module, we still use U to denote the associated 
scheme, that is, the spectrum of the fc-algebra Sym^(t7^). Thus, if S* is a fc-scheme, 
the homomorphisms S ^ U correspond to elements of U (S)k C>{S). 

We will denote by V the scheme associated with the 4-dimensional fc- vector space 
Sym| detfc k^^ . The standard action of GL2 on k^ induces an action of GL2 

on V. If Fq denotes the canonical rank 2 vector bundle on BkGL2 = [Spec fc/GL2], 
the quotient stack [y/GL2] is the total space of Sym'^ Fq det Fq^; hence given a 
/c-scheme S, the category [y/GL2](S') is equivalent to the category of rank 2 locally 
free sheaves E on S, together with a section of Sym"^ E det i?^, the arrows being 
isomorphisms of locally free sheaves preserving the sections. 

We identify k^ with H°(C'p2(l)); that is, we write the canonical basis as xi, 
X2 and think of an element aixi + a2X2 of k'^ as a form f{x) of degree 1 in two 
indeterminates, where x — {xi,X2) is a row vector. (Actually, to be consistent we 
should think of / as a column vector and write f{x) as xf, but we will forgo this.) 
The action of GL2 on k^ is then obtained by sending /(x)) into f{xA). If we 
identify det fc^ with k by sending xi A X2 to 1, we can think of Sym"^ k^ det A:^^ 
as the space 11° (P^, 0(3)) of forms f{x) of degree 3 in two variables. The action of 
GL2 is given by 

{AJ{x))^dctiA)-'fixA). 

Consider the stack in groupoids Trip^, (Sch/k) (see Section [3]), such that for 
any S Specfc the objects of Trip^,(S') consist of triple covers X ^ S. In view of 
Theorem 13. II ffaj). we see that Trip^. is equivalent to [y/GL2]. 

Now we need to treat the following problem. Given a smooth morphism P — ^ 
S with 1-dimensional fibers and a morphism P — [V^/GL2], corresponding to a 
triple cover X P, when is the composition p: X S smooth? Consider a 
geometric point p : Spec il ^ P; the geometric fiber of X over p is of the form 
Spec Vl[x , y] / (^{x , y)"^) if p maps to in V, while if it maps to a nonzero form 
f{x) G H°(pi, 0(3)), then the geometric fiber of X over p is the subscheme of 
defined corresponding to the ideal (/(x)) C ri[a;i,a;2], by Theorem 13.11 ([gj). But 
knowing the fiber over p does not determine whether there is a singular point of 
the map X ^ S over p. For this we need to examine the inverse image in X of the 
first order neighborhood of p in P; we need a stack lying over [T^/GL2] that detects 
this information. 

6.2. The canonical thickening of a quotient stack. If i? is a commutative 
A:-algebra, we write R[e] for the ring R[e]/{e^). 

Suppose that X is a scheme over k. Set X/.^^^ SpecA:[e] Xgpecfc X, and denote 
by X^ the Weil transfer of Xfc[e] to k via the embedding k C k[e]. The scheme 
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represents the functor that sends a scheme T — > Spec k into the set of niorphisni of k- 
schemes Tfc[g] — >■ X. In other words, Xe represents the functor Hom i.(Spec k[e],X). 
If X is the scheme associated with a free fc-module W, then is the scheme 
associated with the free fc-module W[e\ = W ^ fc[e]. 

Another description of X^ is the following. Consider the sheaf flx/k of Kahler 
differentials. Then is the relative spectrum of the symmetric algebra of ilx/k 
over Ox- Or, equivalently, X^ is the normal cone of the diagonal embedding X ^ 
XXkX. 

There is a natural left action of Gm,fe on Specfc[e], induced by the left action on 
fc[e]. If i? is a fc-algebra, then G^{R) = R* acts on the left on R[e] as u ■ {a + eb) = 
a+eub; this induces a a left action of G^^n on X^{R) = X{R[e]), which is compatible 
with base change on R. In turn, this induces a left action of the group scheme Grn,fe 
on ; this action corresponds to the grading of the symmetric algebra. 

Now, suppose that G — > Specfc is a smooth finitely presented algebraic group 
acting on X. Denote by == [X/G] the quotient stack. There is a natural action of 
the group scheme Gc over X^: if T is a scheme over fc, then Ge(T) =^ G{Tkie]) acts on 

X^{T) = X(T^[j]). Denote by g the fc-module corresponding to the normal bundle of 
the identity section Spec fc — >■ G; then by our general principle we identify q with the 
scheme Spec Sym^, . We can think of g as a group scheme via addition, on which 
G acts with the adjoint representation. Then Ge is canonically isomorphic to the 
semi-direct product GiXfcg, because there is a canonical G-equivariant isomorphism 
^G/k — C'g "Xife g^. The action of Gm.fc on Ge corresponds to the action of Gm on 
G Kfe g, leaving G fixed and acting on g by multiplication. 

Call Hg = Gmk^Ge the semi-direct product. This can also be thought of as 
the semi-direct product {Grn,k Xfe G) Kg, where G,n_fe acts on g by multiplication 
and G by the adjoint action. There are two canonical projections Hq — >■ Gm and 
Hg^G. 

The actions of Gm and of Gc on X^ combine to give an action of Hg on X^. The 
quotient stack [X^/Hg] has a natural interpretation. 

If 5 is a scheme and L a quasi-coherent sheaf on S, we denote by S{L) the 
relative spectrum over S of the sheaf of algebras Os ® L, where L is a square-zero 
ideal. There is a canonical projection S{L) S, with a section S ^ S{L) induced 
by the projection Os ® i — )• Os- 

Definition 6.1. The canonical thickening of T is the category J'^^^ (Sch/fc) 
fibered in groupoids defined as follows. An object of J'^^^ is a triple {S, L, where 

(a) is a scheme over fc, 

(b) L is an invertible sheaf over S, and 

(c) ^ is an object of J^{S{L)). 

An arrow from {S',L',^') to (5,1/,^) is a triple {f,<p,tp), where 

(a) / : 5" 5 is a morphism of fc-schemes, 

(b) (p: L' ^ f*L is an isomorphism of sheaves of Og'-modules, and 

(c) ^: ^' — > ^ is an arrow of T over the morphism S'{L') — > S{L) induced by / 
and (p. 

The composition is defined in the obvious way. The functor J^^^^ — >• (Sch/fc) 
sends an object {S, L, ^) into S, and a morphism (/, (f), ip) into /. 

It is straightforward to check that T^^^ is fibered in groupoids. 
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There is a basc-prescrving functor J^^^^ — ;> J- , sending an object (5, i, ^) into the 
restriction of ^ to S via the embedding S ^ S{L) described above. Also, there is a 
tautological invertible sheaf C on J-"^^-*, such that if (5, L, ^) is an object of F'^'^\S), 
the puUback of C along the corresponding morphism 5 — > J^'^-* is isomorphic to L. 

Proposition 6.2. The canonical thickening .F^^^ is canonically isomorphic to the 
quotient stack [X^/Hq]- 

Furthermore, the G^-torsor on P^^^ associated with the tautological Hc-torsor 
Xc — )■ J^^^^ and the projection Hq — >■ Gm is the Gm-torsor corresponding to the 
tautological invertible sheaf on ip^^^ ; while the G-torsor coming from X^ — >■ .F^-^' 
through the projection Hq G is the puUback of the tautological G-torsor X — >■ 
[X/G] = T along the morphism J^^^^ — >■ above. 

Proof. Let L be an invertible sheaf on a scheme S, and denote by p: L° — >■ S* the 
associated Gm-torsor. A section of corresponds to a trivialization of L, which 
in turn yields an isomorphism of S'-schemes S^^^^ ~ This embeds into the 

scheme Kom ^j Sh[^], S(L)); this last scheme is the scheme S{L)f, considered as an 
5-scheme. 

Let us define a base-preserving functor ^ [XjHo]- Let P S{L) be a G- 
torsor with a G-equivariant morphism P — )• X, giving an object of J^{S). Consider 
P as an S'-scheme through the composite P — ?• S{L) — > S; call Q the inverse image 
of in Pe, where the morphism P^ — !> S{L)^ is induced by the given morphism 
P S{L). There are natural actions of Gm and G^ on P^ described above; these 
leave Q invariant, and are easily seen to induce an action of Hq. In this way we 
obtain a scheme Q with an action of Hq and an invariant morphism Q — > 5*. 

We claim that Q is an if^-torsor on S. The construction above commutes with 
base change on S, hence we may assume that S = Spec k, L = Cspecfe and P = G. 
In this case we have Pf = Hom ^ (Spec k [e] , Gh[^^ ) = Hom ^ (Spec k[e],k [e] ) XspecfeGe, 
and Q is isomorphic to Gm Xspecfe G^ = Hq- 

Now, the G-equivariant morphism P — )• X induces an iJc-equivariant morphism 
P^ ^ X^ ; when we restrict this to Q, the _ff g-torsor Q ^ S together with the result- 
ing i?(3-equivariant morphism Q ^ X^ gives an object of [X^/Hg]{S). This extends 
immediately to arrows, and gives a base-preserving functor J^^^^ — > [X^/Hg]. 

To go in the opposite direction, start from an iJ^-torsor Q — > S*. The quotient 
Q/Gc S hy the subgroup Ge C Hq is a Gm-torsor, which is of the form p: L° ^ 
S for a canonically defined invertible sheaf L on S. The pullback of L to 
has a tautological section, which gives an isomorphism O^o ~ P*L, inducing an 
isomorphism of S'-schemes L°{p*L) ~ -^fe[e]- Then the projection Q — > L'^ is Hq- 
equivariant, when we let Hq act on Gm via the projection Hq Hq/G^ = Gm- 

There are two actions of Gm on -^^[g]; also, there are two natural actions of Gm 
on L^{p*L) = LF' Xs S{L), one induced by the multiplication on L*^, the other on 
p*L. The diagonal action on L^j^j corresponds to the action on the first component 
of Xs S{L); hence the quotient i^j^j by the diagonal action is S{L). We let 
Hg act on Qk[e] as the product of the given action on Hq and the action on 
SpecA:[e] through the projection Hq — >■ Gm- Then the projection Qk[e] ^^[e] 
is ifc-equivariant. We may think of Qk[e] — ^ ^k[€] * Gm-equivariant G^-torsor, 
where Gm acts on Ge as described above. The quotient Qkie]/Q is a Gm-equivariant 
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G-bundle on L°j^j/Gm = S{L): hence, since the action of Gm on L"j^j is free, we 

obtain a G-torsor P = Qk[e]/i^m x fl) over L^j^j/Gm = S{L). 

Now, the morphism Q — > corresponds, by definition, to a morphism of k- 
schemes Qk[e] ~^ X- This is -ffc-equivariant, when we let Hq act on X on via the 
natural projection Hq — ^ G. The kernel of the homomorphism Hq — s> G, which 
is the semi-direct product Gm x 0, acts trivially on X; hence there is an induced 
G-equivariant morphism P = Qfc[e]/('Gm i< q) ^ X. The data of the G-torsor 
P — >■ S{L) and the morphism P X give an object of J^^^-'. This construction 
extends to the arrows in the obvious way, and it defines a base-preserving functor 

We need to check that these two functors are inverse to each other. This is 
straightforward and left to the reader. 

The last statement follows from the construction. ^ 

6.3. The thickened stack of triple covers. Now we apply the preceding con- 
struction to the case we are interested in. If i? is a fc-algebra, then GL2,e(i?) = 
GL2(i?[e]). Thus each element of GL2,e(i?) will be written as yl -f eB, where 
A G GL2(i?) and B £ M2(i?). Let us write iJcLa for the semi-direct product 

Gm X GL2,.(fe). 

From the isomorphism Tripj. ~ [F/GL2], where V = Sym^ k"^ CS)^ detfe fc^^, and 
from Proposition 16. 21 we obtain an equivalence 

Trip[,^^ ^ [VJHguI 

where is the scheme associated with the free fc-module of rank 8 

Symfc[,] A;[e]2 iS>k[e] detfc[,] k[e]'^'^ . 

We will need formulas for the action of i?GL2 on V^. As before, we think of fc[e]^ 
as the free fc[e] -module over the two indeterminates xi and X2] so we write elements 
of fc[e]^ as forms {f + eg){x) of degree 1 in the indeterminates xi, X2 and coefficients 
in k[e], and think of x = {xi, X2) as a row vector. Then GL2,£ acts on fc[e]^ by the 
formula 

(A + eB) ■ if + eg){x) ^ {f + eg){xiA + eB)) 

^f{xA)+e{f{xB)+g{xA)). 

The fc[e]-module det^jf] fc[e]^ is identified with k[e] by sending xi Ax2 to 1; hence 
Ve is identified with the space Sym^j^j k[e]'^ of forms of degree 3 in xi, 0:2, which we 
write as f{x) + £g{x), where / and g are forms of degree 3 with coefficients in k. 
The action of GL2_e on is written as 

{A + eB) ■ {f{x) + eg{x)) = det(A + eB)-\f{xA + exB) + eg{xA)) 

= det{A + eB)-\f{xA) + e{xB3 f{xA) + 5(2;^))), 

where 

Jf{x) 

is the jacobian matrix of /. 

The action of Gm on is given by the formula a ■ (f + eg) / + eag. 
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6.4. The evaluation map K: V'g ^ Trip[.^'. Call V'g the puUback of the universal 
conic bundle Vg — > Vg along the natural projection Tg ^ Vg V2,g+2', there is a 
tautological morphism 

Ao-Vg — > Tripj. . 

If is a scheme over k, elements (tt: P — > S,E,a) of Tg{S) determine morphisms 
P Tripj,. If I is the sheaf of ideals of the diagonal embedding P ^ P Xg P, we 
have I/I^ = f^p/^. We have two isomorphisms of the closed subscheme of P xg P 
corresponding to with P{fl^p^g); we choose the one under which the natural 
morphism P(rip^g) — 5- P is induced by the second projection PxgP P. Consider 
the composite P(i7pyg) — )■ P — > Tripj., where the first arrow is induced by the first 

projection P X5 P — > P; this gives a morphism P — > Trip[,^\ This construction is 
obviously compatible with pullbacks on S, hence it induces a morphism 

A:V'g^TTipi'^ ^[VjHou] 

lifting Ao:p;^Tripfc. 

The two projections -ffcLg ^ ^^m and -ffcLg ^ GL2 induce, via pullback along 
A, two locally free sheaves on P^; the first is the canonical bundle il^, , the 

second is the tautological rank two locally free sheaf £g on P'g. 
Proposition 6.3. 

(a) If g ^ I (mod 3), the morphism V'g — 5> [Vc/ Hqi^^] is smooth with irreducible 
geometric fibers. 

(b) If g = 1 (mod 3), then there exist two irreducible closed substacks A and B 
of V'g, of codimension and respectively, with B C A, such that the 
restriction V'g \ A ^ [Vc/Hgl^] of the morphism V'g — >■ [Ve/iJcLj] smooth 
with irreducible geometric fibers, while A \ B ^ [K/iJcLj] 'Is flat. 

From this one deduces the following. 

Corollary 6.4. Let W be a geometrically integral HQi^^-invariant subscheme of 
Vc of codimension c. If g ^ 1, then the inverse image A''^[W/ Hqi^^] ^ "P'g 
geometrically integral of codimension c, except when g — 4: and W — {0}. 

Proof. If 5 ^ 1 (mod 3), the result follows immediately from the Proposition. If 
5 = 1 (mod 3) and 5 7^ 1, then the intersection A~'^[W/ iJcLa] H {V'g \ .4) is smooth 
and irreducible, so it is enough to show that A^^[W/ Hqi^^] does not have any 
components contained in A. Now, the codimension of A~^[W/ Hqi^^] {A\ B) in 
A \ B equals the codimension of W in V, by the second part of the proposition. 
The only problem may occur when the codimension of B in V'g, which is is 
less than or equal to the codimension of W in V, which is at most 8; and this can 
occur only ii g — 4 and W — {0}. 4|k 

Proof of Promsition WM Denote by Wg the open substack of Vg, defined by the 
condition that an object (P — > S, E) of V is in Wg if and only if the splitting type 
(m, n) of E on each fiber of P S" is such that m, n > ^2±^. Call Qg and Q'g the 
inverse images of Wg in Vg and V'g respectively. If 5 ^ 1 (mod 3) then Q'g = V'g] 
while if g = 1 (mod 3) the codimension of the complement of Q'g in V'g is by 
Lemma |5. II Hence the following Lemma implies the first statement. 
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Lemma 6.5. The restriction Q'g — > [Ve/i/cLs] is smooth with irreducible geometric 
fibers. 

Proof. By Proposition 16.21 applied to the case X = Specfc, an object of the classi- 
fying stack BkHQi^^ can be described as given by a fc-scheme 5, an invertible sheaf 
L on 5, and a locally free sheaf of rank 2 on S{L). We can produce a morphism 
Qg — > S/ji?GL2 follows. An object of Qg is given by a scheme S, a conic bun- 
dle P ^ S, a. section a: S ^ P, and a rank 2 locally free sheaf F on P. Let / 
be the sheaf of ideals of the closed embedding a: S ^ P. The conormal bundle 
I/P is a*il.\,^g; furthermore, the first order neighborhood Spec Op of S inside 
P is canonically isomorphic to Spec(C'p ® a*V,p^g) — S{a*i}p^g) (the projection 
Op/P — ?► Op is split by the morphism P ^ S). We associate with this object of 
Qg the object of BfeiJcLs given by the scheme S, the invertible sheaf (T*V,p^g and 
the restriction of F to S'(cr*f2pyg) via the embedding S{fl^p^g) ^ P. 

This morphism Qg — > BkH^i^^ is smooth, with irreducible geometric fibers. To 
check this, we can base change to Spec k via the usual morphism Spec k — ^ BuHqi^^ 
given by the trivial iJcLa'torsor on Specfc; the morphism Qg — >■ Specfc is smooth 
with irreducible geometric fibers, and the fibered product Qg Xq^Hoi,^ Specfc is 
an iJGL2"torsor over Qg. Since the group iJcLa is smooth and connected, the 
composite Qg Xb^^Hg^^ Specfc — > Qg — > Specfc is smooth with irreducible geometric 
fibers, as claimed. 

Thus we have morphisms Q'g — > [K/ifcLa] and Qg BkHcLi- It is easy to see 
that the two composites Q'g ^ Qg ^ BuHqi^.^ and Q' [Ve/ifcLa] ^ BuHqi^^ are 
canonically isomorphic; in other words, we have a commutative diagram 



The resulting morphism Q'g — > Qg Xe^HcLa [Ki/^^GLa] can be described as follows. 
An object {P S,a: S ^ P,F,a) of Qg xg^/f^^a [K^Z-H^GLa] corresponds to the 
following data: 

(a) a conic bundle P ~^ S with a section a: 5 — )■ P, 

(b) a locally free F of rank 2 on P, and 

(c) an element a of H°(S'(cr*0^/g), Sym^ P«)det P"^ Ig^^-o^^^)) , where S'((T*ri^/<,) 
is considered as embedded into P in the way described above. 

An object {P S,a: 5* — > P, P, /3) of Q'g consists of the following: 

(a) a conic bundle P ^ S with a section a: S ^ P, 

(b) a locally free F of rank 2 on P, and 

(c) an element /3 of H°(P, Sym^ P (g) det P^). 

The morphism Q'g Qg Xjs^h^^^ [Vc/Hqi^.^] associates with an object (P — > 
S,cr: S P,F,I3) the element {P % S,a : S ^ P, F, [3 Is/^-n^ ))■ From this 

P/ S 

description it is clear that both Q'g and Qg x^^Hgi^^ [K^/^^GLa] are vector bundles 
on Qg, and the morphism Q'g — )• Qg x^^Hgi^^ [K^/PgLs] is linear. We claim that it 
also surjective. 

It is enough to check this it on geometric points. So, let us S" = Spec O be the 
spectrum of an algebraically closed field, and let (P — )■ S", cr : — s- P, P, a) be a point 
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of Qg over S. Then P ~ P^^; denote hy p E P the image of a, so that S{a*il],^g) is 
the divisor 2p. Furthermore, F ~ 0{m) 0{n), with m, n > m + n = g + 2. 
Then Sym^ F ® det F^ decomposes as 0(2m - n) © 0(to) ® © 0{2n - m), 
and 2n - m > n > m > 2to - n > 0; so H^(P, Sym^ F (g) det F^(-2p)) = 0, and 
the restriction homomorphism 

H°(P, Sym^ © det F"") — > H°(2p, Sym^ F © det F'' lap) 

is surjective, which proves what we want. 

So the morphism Qg y-BkHci^^ [V^e/iJcLa] is a surjective homomorphism 

of vector bundles over Qg, hence it is smooth with irreducible geometric fibers. 
The projection Qg Xb^Hgl^ [K^Z-ffcLs] — ^ [K^/ifcLs] is obtained by base change 
from Qg — > BkHQi^^^ which is smooth with irreducible geometric fibers; hence it is 
smooth with irreducible geometric fibers. So the composite 

Q'g ^ Qg [Ve/Hou] ^ [^e/i?GL.] 

is irreducible with geometric fibers, as claimed. 4> 

For the second statement, let A' be the complement of Wg in Vg: this is the 
integral closed substack of Vn denoted by Ag±2 2g+4 in the proof of Lemma ISTI Set 

3 ' 3 

(m, n) {^-^1 ^^i^) ■ F^o™. that proof we see that A' is isomorphic to BkG, where 
G = Autgp^^fe(P\ ©(m) ®0{n)). Denote by A the inverse image of A' in Vg; it is 
easy to see that A is the quotient 

[H°(pi,Sym3 {0{m)®0{n)) © det (0(m) © 0{n)y)/G'], 

where G" is the stabilizer of the point (1 : 0) of P^ under the action of G on P^. 
Set 

E = H°(P\Sym3 (0(m) © 0{n)) © det (0(m) © Oin)^) 

= H°(pi, 0(3m) © 0(2m) © 0{m) © O) . 

The projection — > ^ is a G'-torsor, and G' is smooth and connected: hence it 
is enough to show that the composite 

E ^Acp'g^[VjHGL,l 

which we denote by $ : E ^ [V^/ Hqi^^], is smooth with irreducible geometric fibers 
outside of a G'-invariant irreducible subscheme T of _B of codimension 7. In this 
way we can set B = [T/G'] C A, and the codimension of BinV'gis ^ + 7 ^ ^ . 

Let us us denote by {0} the origin in V^, considered as a closed subscheme. Con- 
sider the closed substack [{0}/iJGL2] Q [Ve/iJcLs]- The following Lemma completes 
the proof of the Proposition. 4 

Lemma 6.6. The inverse image {[{0} / HQi^^fj is irreducible of codimension 7 
in E, and the restriction 

E \ $-i([{0}/i/GL,]) [V, \ {0}/Hgl,] 

is flat. 

Proof. The morphism $: _E — !> [V^/ 1101^2] factors through V^, as follows. 

Let us use to and ti for the homogeneous coordinates on P^, as set t = ti/to. Let 
us write an element of in the form ((/)□, 02, ^3), where the 0i's are polynomials 
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in t of degrees 3to, 2m, m and respectively. Define a linear map E ^ Ve by the 
formula 

= f + eg, 

where we have set 

/ = M0)4 + 0i(O)a;?X2 + M0)xi4 + Mo)4 

and 

The image of E into is easily seen to be the hyperplane 

U = {/ + eg e K I 5(0, 1) = 0}. 

The homomorphism E ^ U is linear and surjective, hence it is smooth with irre- 
ducible fibers. The inverse image of [{0}/i/GL2] in U is the origin {0}, which is 
irreducible of codimension 7: this proves the first part of the Lemma. 
For the second part, it is enough to show that the restriction 

c/ \ {0} c ^ [V, \ m/Hcu] 

is flat. Set U'^ U \ {0}, = Vc \ {0}. We have a cartesian diagram 



where the top row Hqi^^ x C/° is the composite of the embedding Hqi^^ x 

[7° C i/cLa X followed by the action i/cLa x V^. Since the morphism 

V° -> [V^/i/GLj is faithfully flat, it is enough to show that i/cL^ x J7° -)> V° 
is flat; and because Hqi^^ x and are smooth and irreducible of dimension 
16 and 8 respectively, it is enough to show that the codimension of the fibers is 8 
everywhere. 

We will use the formula for the action of i/cLa on given in 16. 3[ which is as 
follows: 

(u, A + eB)- (/(x) + eg{x)) = dct{A + eB)-^f{xA) 

+ eudet{A + eB)-^{xB -JfixA) +g{xA))). 

From this formula it easy to see that C/° does not contain any orbit. In fact, 
suppose that / + eg is in J7°. If g 7^ 0, there exists a matrix A e GL2 C Hqi,^ that 
carries (0, 1) into a point of that is not a zero of g, and this will carry / + eg into 
an element of \ U'^. If g = 0, then / ^ 0, and since the characteristic of k is 
different from 3 we have J f{x) ^ 0. We can find B € M2 such that xB-Jf{xA) ^ 0; 
and the from the formula above it follows that (I2 + eB) ■ f = f + eg with g 7^ 0. If 
g{0, 1) 7^ we are done, otherwise we apply a matrix A G GL2 as in the previous 
case. 

The fiber of Hqi^^ x C/" over an element 6 of is the inverse image of 

[7° under the morphism Hgl2 — > K defined hy h ^ h ■ 9; since its image is not 
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contained in U'^, by what we just said, this inverse image is a hypersurface in -ffoLj , 
hence it is equidimensional of dimension 8, as claimed. ^ 

Consider the morphism 

/3: (A^ \ {0}) X V; ^ A^ 

{p,f + eg)^{g{p),3f{py). 

Lemma 6.7. The morphism j3 above is smooth, with irreducible geometric fibers. 

Proof. We can factor (i as 

(A^ \ {0}) X K — > (A^ \ {0}) X A^ ^ A^ 

ipj + eg) ^ {p,g{p),3fipY), 

{p, v)i — >v. 

The first morphism is a homomorphism of vector bundles on A^ \ {0}, which is 
easily seen to be surjective; hence it is smooth with irreducible geometric fibers. The 
second is evidently smooth with irreducible geometric fibers. The result follows, ^jt 

Consider the closed subschemc f3^^{0) C A^ \ {0} x V^. This is smooth and 
irreducible, because of the Lemma above, and is invariant under the action of Gm 
on A^ \ {0} x Ve by multiplication on the factor A^ \ {0}; hence it descends to a 
smooth geometrically irreducible closed subschcme 

W C pi X V,. 

We denote by W CVe the image of W in Vc , with its rciduccid scheme structure. 

Lemma 6.8. The projection W W is a birational isomorphism. 

Proof. The projection above is proper, and W is irreducible. To verify that it is 
birational, it is enough to check that there is a geometric point of W, whose inverse 
image in is a reduced point. 

Let f € V he a, form of degree 3 with a double root p € and a simple root 
q ^ p, and g €V a form with a simple root in p. Then {p, f + eg) is the only point 
of W lying over / + eg, and it is easy to verify that it appears with multiplicity 1 
in the scheme-theoretic inverse image oi f + eg. 4^ 

Notice that the group -ffcLs f-cts naturally on P-'^ through the projection i^cLa ~^ 
GL2 (the action of GL2 on P^ descends from the action of GL2 on A^ described 
as {A,p) !->■ pA~^). It is easy to see that W is invariant under this action; hence 
W CVc is an Hqi^^ invariant siibschcmc of Vf_ . 

Consider an object (C ^ P — >■ Spec k, q) of 7^g(Spec k). This is given by a conic 
P Spec k, a rational point q e P{k) and a triple cover C ^ P. 

Lemma 6.9. The curve C has a singular point lying over q if and only if (C — > 
P -)■ Specfc,g) is in K-'^\W / Hqi,^]. 

Proof. We may assume that k is algebraically closed. 

Consider the rank 2 vector bundle E on P, with a section a € H^{P, Sym"^ E (g) 
det E"^), corresponding to the cover C ^ P. Choose a non-zero tangent vector to 
P at q, corresponding to an embedding Spec k[e] C P, and a basis for the restriction 
of E to Spec A: [e]. Then the restriction of a to Specfc[e] gives an element f + eg oi 
V,. 
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We need to consider two cases. 

First, assume that / = 0. In this case the fiber of C over P is isomorphic to 
Spec k[x,y]/ [{x,y)'^) , so it is not Cohen-Macaulay, and C must be singular. On 
the other hand eg is in M^, because it is the image of (p, eg), where p is a root of g. 

Next suppose that / 7^ 0. In this case the inverse image D of Spec/c[e] C P 
in C is the closed subschenie of P^j^j defined by f + eg, considered as a section of 
Ojpi^ ^ (3), by Theorem l3.1l ([(!]). A point of D is a zero of / in P^{k), and the tangent 
space of C at p coincides with the tangent space of D at p. We have that f + eg in 
W if and only if / has a zero p in such that J/ (p) — g{p) — 0. But it is immediate 
to check that the condition J/(p) = g{p) — is equivalent to the statement that 
the tangent space of D at p is 2-dimensional, and the Lemma follows. 4lt 

Now, denote by Sg the complement of 7^ '^^Tg, with its reduced structure. 
Lemma 6.10. Assume that g > 1. 

(a) The inverse image A^^[W/ Hqi^^] is geometrically integral of codimension 2. 

(b) The image of A^^[W/ Hqi,^] under the the projection Pg ^ Tg coincides with 

Sg. 

(c) The morphism A ^[M^/i/cLa] ^ Sg is a birational isomorphism. 

Proof. Part (a) follows from CoroUarv 16.41 and the fact that W is integral of codi- 
mension 2. Part (b) follows from Lemma \6l9[ 

To prove part (c) it is enough to show that there is a geometric point of Sg whose 
inverse image in A~^[W/Hqi^^] consists of a single reduced point. Let C — ?> be 
a triple cover defined over an algebraically closed extension il oi k, where C is a 
reduced connected curve of genus g with a single node over (1 : 0) € P^ (it is easy to 
see that this exists). Then the inverse image of A~^[VF/7?gl2] in = SpecOx.^ Vg 
consists of the single point (1:0); we need to show that it appears with the reduced 
scheme structure. Let i be a local coordinate around (1 : 0). There exists an etale 
neighborhood C/ — >■ P^ of (1 : 0), such that the pullback Cu is isomorphic to 
the subscheme of Pj^ defined by the equation X1X2 — t^x\ = 0. To calculate the 
composite [/ ^» P^ — >• \V^/Hqi^^], which is associated with the embedding Cu C P^ 
given above, we notice the equality 

xlx2 ~ {t + e)'^xl = {xlx2 - t^xl) + e2txl 

from which it follows that the morphism U — > \yt/ Hqi^^] factors through the mor- 
phism J7 — > Ve defined by 1 1-^- {x\x2 - t^x\) + e2tx\. The subscheme W Xpixv^ P^ 
is defined by setting the partial derivatives of x\x2 — t^x\ and 2ia;| to 0; this defines 
a unique reduced point of P^. This implies that W Xpixv^ P^ also consists of a 
unique reduced point, and completes the proof. ^ 

7. The class of singular coverings and Pic 7^ 

Now we use the description of the stack Tg given in Theorem 15.31 as a quotient 
[Xg/Fg] to compute the Picard group of Tg. We will assume 5 > 1. We will use 
the theory of |EG98| without comments. If G is a linear algebraic group over k 
acting on a smooth G-scheme X , there are equivariant Chow rings Aq{X); if is a 
G-equivariant vector bundle on X , then there will be Chern classes Ci{E) G Aq(A"). 
In particular we set A*q AQ(Spec fc); if G ^ GL„ is a homomorphism, we can 
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interpret it as an equivariant vector bundle on Spec /c, so it will have Chern classes 
c.(^) G A^. 

The Picard group Pic 7^ is the Picard group of equivariant invertible sheaves 
on Xg. By |EG98[ Proposition 18], the first Chern class homomorphism induces 
an isomorphism Pic 7^ — ?> A^^{Xg), where Ap^(Xg) is the part of degree 1 of the 
equivariant Chow ring Ap (Xg). Since Xg is a vector bundle over f2g, we have 

Ap (Xg) ~ Ap (ilg), from the homotopy invariance of Chow groups. From the 
localization sequence 

A^^(M2^g+2 X ng) AJ^(M2^3+2) ^ A*r^{ng) 

and from Propositions 14.21 and 15.21 we see that the restriction homomorphism 
Ap^(M2jg+2) — ^ Ap^(r2g) is an isomorphism. Furthermore, again from homotopy 
invariance we have that Ap (M2,g+2) is isomorphic to Ap = Ap (Specfc). Apply- 
ing once again |EG98| Proposition 18], we see that Ap^ is isomorphic to the group 
of characters Fg of Fg, which is easily seen to be isomorphic to Z Z. 

On the other hand we are interested in the Picard group of Tg, which equals Tg \ 
Sg for a certain closed integral substack Sg QTg oi codimension 1, by Lemma [6. 101 
The substack Sg C Jg ^ [Xg/iJcLa] is of the form [Yg/HQi^^], where Yg is an 
integral _ffGL2 "invariant hypersurface in Xg. From the localization sequence 

(Yg) > Al ^ (Xg) , Al ^ [Xg \ Yg) , Q 

II 'L II 

z Ai(rg) Ai(rg) 

we deduce that A^{Tg) is the quotient of Ap^ c± Z © Z by the subgroup generated 
by the class of Yg in Ap = Ap {Xg). We need to compute this class. 
It is convenient to work with the group 

Ag ~ GLg-|_4 X GLg + 2 X GL2. 

Recall that Fg is the quotient of Ag by the subgroup Gm Q Ag, where Gm is 
embedded into Ag by the homomorphism t H' (Ig+4, iIg+2, i^^l2). The character 
group Fg is the kernel of the restriction homomorphism Ag Gm- Let us translate 
this in terms of Chow groups. 

The Chow ring A^^ is a polynomial ring 

Z[6i,. . . , 5g+4,7i, . . . ,7g+2, CTi, 0-2], 

where the 5i are the Chern classes of the representation given by the first projection 
Ag GLg4.4, the 7i the Chern classes of the second projection Ag GLg+2, 
and the (Ji of the third projection Ag GL2. Then A^^ is the free abelian 
group generated by (Si, 71 and ai. Then the natural homomorphism Ap — > A^ 
identifies Ap^ with the kernel of the homomorphism A^^ Aq . If we denote by 
T the canonical generator of Ag^, the homomorphism A^^ Ag^ sends i5i to 0, 
71 to {g + 2)t and cti into — 2r; hence the kernel is generated by Si and qi, where 



(7-1) 9i = i9 + 2" ^ . 

{^'^—2 — '^1 +71 if 5 IS even. 



{g + 2)(Ti + 271 if g is odd, and 
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Thus we need to compute the class of Yg in A^^ and express it in terms of the 
generators Si, qi. 

The class ofW in A|^^^ . As a first step, we compute the class of W in A|j^^ ( VJr ) — 
A|j^^^ . According to |MRV06[ Lemma 2.1] there is a canonical isomorphism of 
graded rings AJ^^^ (14) = Ag^^QL^(V'c) induced by the embedding Gm x GL2 C 
iJcLa ; the action of Gm x GL2 on is given by the formula 

(a, + eg)(x) = det{A)-^ {f{xA) + eag{xA)) . 

The ring ^q^xGL2 ^ polynomial ring Z[i^i, ci, C2], where vi is the first Chern 
class of the representation given by the projection Gm x GL2 — > Gm, while ci and 
C2 are the Chern classes of the second projection Gm x GL2 — ^ GL2. 

By Lemma [6.8i the class of W in A^ xgL2(^«) ^he pushforward of the class 
of W in A^__^^(3L.(P' X T^). We can also write A^_^^gl.(P' x y,) as 

Ag„,xG„xgl.((A'\{0})x1/), 
where the action of Gm x Gm x GL2 is defined as 

{X,a,A){p,{f + eg)ix)) = {XpA-\dct{A)-'{f{xA)+eag{xA))). 

(recall that we are writing the vectors in as row vectors). 
Consider the morphism 

/3: (A^ \ {0}) X — ^ 

of the preceding section. We have 

/3((A, a, A) ■ {p, fix) + eg{x))) = l3{XpA-\det{A)-'{f{xA) + eag{xA))) 

= {det{A)-^ag{Xp), Jdct(A)-i /(^A)(ApA-i)*) 

= {det{A)-^aX^g{p),det{A)-^X^3f^,A){pA~^Y) 

= (det (A) '^aX^g{p),det{A)-^X\AJf{p)Y) 

= {det{Ay^aX^gip), det{A)-^X^JfipYA') 

where the penultimate equality is obtained by the chain rule. Thus we define a 
linear action of Gm x Gm x GL2 on A^ = A^ © A^ by the rule 

{X,a,A){v,w) = {det{A)-^aX^v,det{A)-^X^wA''); 

this makes the morphism /3 into a Gm x Gm x GL2-equivariant morphism. 

Denote by vi, ci and C2 the puUbacks to Aq of the corresponding 

classes in Ag xgL2 ' ^^'^ the first Chern class of the representation Gm x Gm x 

GL2 — > Gm given by the first projection. The class of {0} in A^ xGL2(''^'^) ^ 
AGmxG,„xGL2 the third Chern class of A'^ = A^ A^. If oi 02 are the Chern roots 
of the projection Gm x Gm x GL2 GL2, the second Chern class of A^ is 

(ai - ci + 2^i)(a2 - ci + 2/ii) = C2 - 2ci/ii + 4^^. 

The action of (A, a, A) e Gm x Gm x GL2 on the first factor A^ is multiplication 
by det(A)~^aA'^; hence the third Chern class of A"^ is 

(7.2) (c2 - 2ci/ii + 4^?)(-ci +1^1+ 3/ui). 
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The ring A^^^^^^^^^ ((A^ \ {0}) x K) is the quotient of A£_^^g„xgL2 by the ideal 
generated by the second Chern class of , considered as a linear representation of 
Gm X GL2 with the action (A, A) -p = XpA'^ , by |MRV061 Lemma 2.2]. The second 
Chern class of A^ is 

(-ai + A*i)(-a2 + ^1) = Ai? - ci^i + C2; 

hence we have 

Ag„,xG„xGL2((A' \ {0}) X V;)) =Z[//i,1.i,Ci,C2]/(m? -Ci/il +C2). 

The class of the puUback /3^"^(0) in Ag^xG„-,xgL2 {(^'^ ^ i^i) ^ ^e)) obtained by 
making the substitution fif 1— ci/ii — C2 in (|7.2p . and equals 

(7.3) — 3ciC2 - 3c2i^i + (4c^ — 9c2 + 2ciJ/i)/^i. 

In the isomorphism A^_^^c.„xgL2 (C^^ \ {0}) x V^) ^ K^xgl^C^^ x the class 
of /3^^(0) corresponds to the class of W, and fj,i corresponds to the first Chern class 
of Opi(l). By Lemma [6.81 the class of W in Ag xGL2(^«) ^^e pushforward of 

the class of W. Since the pushforward of 1 is and the pushforward of /ii is 1, 
from the projection formula we obtain the following. 

Lemma 7.1. The class of W in A|^^^ (Vc) = Af^^^ is 

- 9c2 + 2ciJ/i . 

The class of Yg in . Consider the morphism K: V'g ^ [Vc/i?GL,]- The stack 
V'g is the quotient [(P^ x Xg)/Tg\, where Vg acts on Xg in the way detailed above, 
while the action on pi is described by the obvious homomorphism PGL2. 
Since V'g = [(P^ x Xg)/Tg\ and Tg — [Xg/Tg], we have a commutative diagram 

Pl X Xg > [(Pl X Xg)l^g] > V'g [V./HgL,] 

> [Xg/Ag] > fg . 

Denote by Yg the inverse image of [VF/TfcLa] in x Xg and by Yg its image in 
Xg. We need to compute the class of Yg in the equivariant Chow ring A^^(A'g); 

Lemma [6 . 1 01 implies that this is the pushforward of the class of Yg in A^^ (P-'^ x Xg). 

Denote by ^ the first Chern class of the sheaf 0{1) on P^, considered as a A^- 
space with the action coming from the projection GL2. Since Xg is a vector 

bundle over an open subscheme of a representation of A^ , A^^ (P^ x Xg ) is a quotient 
of A^^(P-^). Using the notation for the classes in A^^ introduced at the beginning 
of the section, the ring A^^(P^) has the form 

Z[(5i, . . . , (5g+4, 71, . . . , 7g+2, CTi, (72, + CTlC + C2)- 

The class of Yg in A^^ (P^ x Xg) is the puUback of the class of W in A|^^^ (V;). 
Now, by Proposition 16.21 and the construction of the morphism A, the puUback 
of the canonical invertible sheaf on [T^/TJcLa] is ^L, ,s- , while the pullback of the 

locally free of rank 2 that comes from the projection i?GL2 — ^ GL2 is the tautological 
sheaf £'g. This gives a formula for the pullback A^^^_^ = A^^^^ (V;) A* {V'g): the 
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class vi goes to the first Chern class of fil,, - , while the a go to the Chern classes 

We need to compute the first Chern class of ^]i^i^x )/x (^^ ^ ^s); which 

is the puUback of the first Chern class of ^^jpi/gpcc/c ^Ag(^^)- Since is the 
projective space of lines in (its projectivization in the classical sense, dual to 
Grothendieck's), and the Chern classes of considered as a equivariant vector 
bundle on Specfc are cti and (72, the class ^ Ci(A^) satisfies the relation 

(7.4) C2 + aie + a2=0eA2(pi). 
Furthermore, it follows from the Euler sequence that 

(7.5) ci(0i,/sp,,,) - -2e - ai G . 

To compute the Chern classes of £'g, recall from Section |4] that by construction 
this fits into a Ag-equivariant exact sequence 

(-1)^+2 ^ Olt' -^s'^o. 

In the calculations that follow we only need to record the elements of degree at 
most 2. We will write = to mean "equal up to terms of degree > 2". 

The Chern classes of O^"^ are the 7^; denote by ai, . . . , a(,+2 its Chern roots. 

We have 

c(Opi^^ (-1)^+') = (1 + ai - e) • . • (1 + «9+2 - C) 

^ 1 + 71 - (5 + 2)^ + 72 - (.g + 1)71^ + ^^i^^^C^ 

and 

c(Opi^^ (-1)^+')"' ^ 1 - (71 - (.9 + 2)0 + (71 - (g + 2)0' 

-(72-(. + l)7re+^^±^e^) 
= 1-71 + (5 + 2)^ + 7? -72 -(5 + 3)7ie+^^i^^^e^ 
from this we obtain that 

^ (1-71 + (5 + 2)^ + 7? -72 -(.g + 3)7ie+^^i^^^a 

(1 + <5i + ^2) 
= 1 + (5i - 71 + (.9 + 2)0 

+ ^2 - <5i7i + 72 - 72 + (.9 + - (.9 + 3)7ie + 
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Using the relation + crif + (72 = 0, we can rewrite this as 
c(5;) = l + Ji-7i + (5 + 2)^ 

c ^ 2 (g + 2)(ff + 3) 
+ 02 - 7lC>l + 7l - 72 ^ Cr2 

So, the puhback Aho-^^\V^I Hqi^^] — > AAg(F^ x Xg) acts as foUows: 

Vl I ^ -2^ - (Tl 

ci (5i - 71 + (g + 2)e 

A ^ 2 (g + 2)(g + 3) 

C2 i > (32 - "lldl + 7i - 72 ^ CT2 

+ ((, + 2)^1 + 3)71 -^^±^^(7iK; 

hence the class of Yg in A^^(P^ x Xg), which is the puUback of the class of W 
in A|j^^ (K;), is obtained by applying the substitution above to the equation for 
the class of W given in Lemma 17.11 and then getting rid of the term via the 
substitution ^ — cri^ — (T2. After some calculations, one obtains that the class 
of Yg is 

A ^AK-^^OK QA , (.9 + 2) (19.9 + 73) 

- 57i + 7i()i + 271 (Tl + 972 + 4()i + 2()i(Ti - 902 H ^ cr2 

+ ((. + 15)7i-(.9 + 6).r-^^:t»^..)^. 

Finally we use Lemma [6.101 (c) to notice that the class of Yg in A\^{Xg) is the 
pushforward of the class of Yg. By the projection formula we obtain that this is 
the coefhcient of ^ in the expression above for the class of Yg, which is 

This must lie in the subgroup Ap {Xg) C A^ (A"g), which, as we know, is generated 
by (5i and qi (the expression for qi is given in (|7.ip ). With considerable relief we 
notice that it is in fact so, and 

— (.9 + &)5i + ^— ^^9i if .9 is odd, and 
-(.9 + 6)(5i — {g + 15)91 if g is even. 



So 



PicT ~ { (^®^)/((-(ff + 6)-^^-^)> if .9 is odd, and 
^ (Z®Z)/((-(5 + 6),g + 15)) if g is even. 



An elementary calculation ends the proof of Theorem 11.11 

References 

[AV04] Alessandro Arsie and Angelo Vistoli, Stacks of cyclic covers of projective spaces, Com- 
pos. Math. 140 (2004), no. 3, 647-666. 

[Cas96] Gianfranco Casnati, Covers of algebraic varieties II. covers of degree 5 and construction 
of surfaces, J. Algebraic Geom. 5 (1996), 461-477. 



28 



BOLOGNESI AND VISTOLI 



[CE96] G. Casnati and T. Ekedahl, Covers of algebraic varieties. I. A general structure theo- 
rem, covers of degree 3,4 and Enriques surfaces, J. Algebraic Geom. 5 (1996), no. 3, 
439-460. 

[EF09] Dan Edidin and Damiano Fulghesu, The integral Chow ring of the stack of hyperelliptic 
curves of even genus, Math. Res. Lett. 16 (2009), no. 1, 27-40. 

[EG98] Dan Edidin and William Graham, Equivariant intersection theory, Invent. Math. 131 
(1998), no. 3, 595-634. 

[FGI+05] Barbara Fantechi, Lothar Gottsche, Luc lUusie, Steven L. Kleiman, Nitin Nitsure, and 

Angelo Vistoli, Fundamental algebraic geometry, Mathematical Surveys and Mono- 
graphs, vol. 123, American Mathematical Society, Providence, Rl, 2005, Grothendieck's 
FGA explained. 

[FSOl] Daniele Faenzi and Janis Stipins, A small resolution for triple covers in algebraic ge- 
ometry, Matematiche (Catania) 56 (2001), no. 2, 257-267 (2003), PRAGMATIC, 2001 
(Catania). 

[HM99] David Hahn and Rick Miranda, Quadruple covers of algebraic varieties, J. Algebraic 
Geom. 8 (1999), 1-30. 

[Mar46] Arturo Maroni, Le serie lineari speciali sulle curve trigonali, Ann. Mat. Pura Appl. (4) 
25 (1946), 343-354. 

[Mir85] Rick Miranda, Triple covers in algebraic geometry, Amer. J. Math. 107 (1985), no. 5, 
1123-1158. 

[MRV06] Luis Alberto Molina Rojas and Angelo Vistoli, On the Chow rings of classifying spaces 
for classical groups, Rend. Sem. Mat. Univ. Padova 116 (2006), 271-298. 

[Mum65] David Mumford, Picard groups of moduli problems. Arithmetical Algebraic Geometry 
(Proc. Conf. Purdue Univ., 1963), Harper & Row, New York, 1965. 

[RS02] Renata Rosa and Karl-Otto Stohr, Trigonal Gorenstein curves, J. Pure Appl. Algebra 
174 (2002), no. 2, 187-205. 

[SB87] N. I. Shcpherd-Barron, The rationality of certain spaces associated to trigonal curves. 
Algebraic geometry, Bowdoin, 1985 (Brunswick, Maine, 1985), Proc. Sympos. Pure 
Math., vol. 46, Amer. Math. Soc, Providence, Rl, 1987, pp. 165-171. 

[SFOO] Zvczdelina E. Stankova-Frenkel, Moduli of trigonal curves, ,1. Algebraic Geom. 9 (2000), 
no. 4, 607-662. 

[Vis98] Angelo Vistoli, The Chow ring of M2, Invent. Math. 131 (1998), no. 3, 635-644, 
Appendix to "Equivariant intersection theory", Invent. Math. 131 (1998), no. 3, 595— 
634; by D. Edidin and W. Graham. 



(Bolognesi) Dipartimento di Matematica, Universita di Roma Tre, Largo San Leonardo 
MuRiALDO, 1 00146 Roma, Italy 

E-mail address: michele.bolognesi9sns.it 



(Vistoli) SCUOLA NORMALE SUPERIORB, PlAZZA DEI CAVALIERI 7, 56126 PiSA, ITALY 

E-mail address: angelo.vistoli9sns.it 



